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1 Introduction and main results 



In this paper, let S be a fixed compact convex hypersurface in R^", i.e., S is the boundary of a 
compact and strictly convex region U in R^". We denote the set of aU such hypersurfaces by 7i{2n). 
Without loss of generality, we suppose U contains the origin. We consider closed characteristics 
(r, y) on S, which are solutions of the following problem 

(y = JN^{y), ^^^^ 

1 y{T) = y(0), 

where J = \ , /„ is the identity matrix in R", r > 0, NY,(y) is the outward normal vector 

\In J 

of S at y normalized by the condition N-£{y) ■ y = 1. Here a ■ b denotes the standard inner product 
of a,b £ R^". A closed characteristic (r, y) is prime, if r is the minimal period of y. Two closed 
characteristics (r, y) and {a,z) are geometrically distinct, if y(R) / z(R). We denote by T(S) 
the set of all geometrically distinct closed characteristics on S. A closed characteristic (r, y) is 
non-degenerate, if 1 is a Floquet multiplier of y of precisely algebraic multiplicity 2, and is elliptic, 
if all the Floquet multipliers of y are on U = {z G C | |2;| = 1}, i.e., the unit circle in the complex 
plane. 

There is a long standing conjecture on the number of closed characteristics on compact convex 
hypersurfaces in R^": 

#r(E)>n, VSeW(2n). (1.2) 

Since the pioneering works [Rablj of P. Rabinowitz and [Weil] of A. Weinstein in 1978 on 
the existence of at least one closed characteristic on every hypersurface in 7i{2n), the existence of 
multiple closed characteristics on S € 7i{2n) has been deeply studied by many mathematicians. 
When n > 2, besides many results under pinching conditions, in 1987-1988 I. Ekeland-L. Lassoued, 
I. Ekeland-H. Hofer, and A, Szulkin (cf. pkET], [EkHlj . [SiuT] ^ proved 

#T(S)>2, VSG?^(2n). 

In [LoZlj of 2002, Y. Long and C. Zhu further proved 

#T(S)>[^] + 1, VEG7i(2n), 

where we denote by [a] = max{A; G Z | /c < a}. Note that this estimate yields still only at least 
2 closed characteristics when n = 3. We refer readers to the survey paper [LonSj and the recent 
|Lon6] of Y. Long for earlier works and references on this conjecture. Our following main result in 
this paper gives a confirmed answer to the conjecture ()1.2|) for n = 3. 
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Theorem 1.1. There holds *T{T?) > 3 for every E G ■^(6). 

One of the main ingredients of our proof of this theorem is a new resonance identity on closed 
characteristics. In [Ekelj of 1984, I. Ekeland discovered that there must exist a resonance condition 
relating the closed characteristics on S E TL{2n) provided '^T{T,) < +oo. However, he did not 
state explicitly what the resonance condition is. Then in [Vitlj of 1989, C. Viterbo clarified such a 
resonance condition by establishing a mean index identity for closed characteristics on compact star- 
shaped hypersurfaces in R^" provided all closed characteristics on S together with their iterations 
are non-degenerate (cf. p. 234 of |Eke3] ) . Note that in [Radlj of 1989 and |Rad2] of 1992, a similar 
identity for closed geodesies on compact Finsler manifolds was established by H.-B. Rademacher. 
Motivated by these results, in the current paper we establish the following mean index identity for 
closed characteristics on every S € 7Y(2n) when '^T(S) < +oo. This yields hopefully an explicit 
version of what I. Ekeland discovered. 

Theorem 1.2. Suppose S € Tl{2n) satisfies *T(S) < +oo. Denote all the geometrically 
distinct closed characteristics by {{tj, yj)}i<j<k- Then the following identity holds 

E = i (1-3) 

i<j<k w ^ 

where i{yj) E R is the mean index of yj given by Definition 3.14, xiUj) G Q is the average Euler 
characteristic given by Definition 3.15 and Remark 3.16 below. Specially by i3. 56\) below we have 

x(y) = T^ E i-iy^'^^^'Hyn, (1-4) 

l<m<K(y) 
0<;<2n-2 

K{y) E N is the minimal period of critical modules of iterations of y defined in Proposition 3.13, 
i{y"^) is the Morse index of a corresponding dual-action functional at the m-th iteration of y 
(cf. Definition 3.3 and Proposition 3.5 below), ki{y"^) is the critical type numbers of y"^ given by 
Definition 3.11 below. 

Remark 1.3. Note that 1/2 in the right hand side of (jl.3p comes from the average Euler 
characteristic for equivariant homology on the space of loops in R^". In fact, we have 

- = hm ^ y dimi/„(CP°°;Q) = lim ^ V dimHJS'^ x^i {0};Q). 

q<N g<N 

Since the space of loops in R-^" is S'^-equivariantly homotopic to its origin {0}, the last term in the 
above expression represents the average Euler characteristic of the S'^-equivariant homology of the 
space of loops in R^". For details, we refer to Section 5 below. 
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When all the closed characteristics on S E 7Y(2n) together with their iterations are nondegen- 
erate, by Remark 3.16 below our identity (jl.Sp coincides with the identity (1.3) of Theorem 1.2 
of |Vitl| as well as (153) in p. 234 of |Eke3] . Thus for S € 7Y(2n) our Theorem 1.2 generalizes C. 
Viterbo's result in |Vitl| to degenerate closed characteristics. 

Note that in [HWZlj of 1998, H. Hofer-K. Wysocki-E. Zehnder proved that #T(S) = 2 or oo 
holds for every S G H(4). In [Loii3] of 2000, Y. Long proved further that S G H(4) and #T(S) = 2 
imply that both of the closed characteristics must be elliptic, i.e., each of them possesses four 
Floquet multipliers with two Is and the other two locate on the unit circle too. Now as a by- 
product of our Theorem 1.2 we obtain a stronger result: 

Theorem 1.4. Let S G 'H{A) satisfy '^T(S) = 2. Then both of the closed characteristics must 
be irrationally elliptic, i.e., each of them possesses four Floquet multipliers with two Is and the 
other two located on the unit circle with rotation angles being irrational multiples ofn. 

Because of above mentioned results and other indications, we suspect that the following con- 
jectures hold: 

Conjecture 1.5. For every integer n >2, there holds 



It seems that for n > 3 there is no effective methods so far which can be used to prove that 
*T(S) > n implies *T(S) = oo. 

Recall that a closed characteristic is irrationally elliptic, if it is elliptic and the linearized 



matrices with rotation angles being irrational multiples of vr. Note that based upon our studies on 
the stabilities of closed characteristics on S G H{2n), and closed geodesies on Finsler spheres, we 
tend to believe that the following may hold. 

Conjecture 1.6. All the geometrically distinct closed characteristics on S are irrationally 
elliptic for S G 7i{2n) with n > 2 whenever *T(S) < oo. 

The rest of this paper is arranged as follows. 



(1) Motivated by the works [KIiT] and [KIi2] of W. Klingenberg, [GrM2j of D. Gromoll and 
W. Meyer, [EkeT] and [Eke3] of I. Ekeland and [VitT| of C. Viterbo, for every S G H(2n) with 



establish a Morse theory of this functional to study closed characteristics on S. 

As usual we use the Clarke-Ekeland dual action principle and a modification of the Ekeland 
index theory. Because in general such a dual action functional is not C^, motivated by the studies 



{ #r(S) I E G n{2n)} = {n} U {+oo}. 



Poincare map is suitably homotopic to the o-product of one 




*T(S) < -|-oo, we shall construct a functional for large a > on the space of loops in R^" and 
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on closed geodesies and convex Hamiltonian systems, we follow [Ekelj to introduce a finite dimen- 
sional approximation to the space of loops in R^" to get the enough smoothness. For the dual 
action principle, the origin becomes an accumulation point of its critical values. To estimate the 
contribution of the critical point at the origin to the Morse Series, we construct a special family of 
Hamiltonian functions which have better properties at the origin and infinity, and are homogenous 
in the middle. Such a construction allows us to give a precise understanding of the behavior of the 
dual action functional near the origin. 

(2) In Section 2, fixing a hypersurface S E 7i{2n) with '^T{Ti) < +00, we construct a family A 
of Hamiltonian functions by Proposition 2.4 using auxiliary functions satisfying conditions (i)-(iv) 
of Proposition 2.2. Using such Hamiltonian functions, we construct a functional on the space 
of loops in R^" for every a > whose critical points are precisely all the closed characteristics on 
S with periods less than a and that the origin of the loop space is the only constant critical point 

of ^a. 

(3) In Section 3, we prove that for every fixed closed characteristic (r, y) on S, the critical 
modules of all the functionals ^'a produced by Ha G .4 at its critical point corresponding to (r, y) 
are isomorphic to each other whenever a > t. Therefore we can further require the Hamiltonian 
function in A to be homogeneous near such critical points so that the critical modules are peri- 
odic functions of the dimension. This homogeneity of the Hamiltonian function is realized by the 
condition (v) of Proposition 2.2. 

(4) Using the properties of the Hamiltonian functions in A, in Section 4, the property of the 
dual action functional near the origin is understood precisely and we show that the origin has in 
fact no homological contribution to the lower order terms in the Morse series. 

(5) Using the homological information obtained in the Sections 2-4, in Section 5, we compute 
all the local critical modules of the dual action functional and use such information to set up a 
Morse theory for all the closed characteristics on S G TC{2n). Together with the global homological 
information on the loop space we establish the claimed mean index identity ()1.3p and prove Theorem 
1.2. 

(6) Using Theorem 1.2 together with the techniques developed in the index iteration theory we 
give proofs of Theorems 1.1 and 1.4 in Section 6. 

Here we give a brief sketch for the proof of Theorem 1.1. Assuming that Theorem 1.1 does not 
hold, i.e., #T(S) < 2, by [EkHlj or [LoZlj we should have #T(S) = 2. By our Theorem 1.2 the 
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two prime closed characteristics (ti,?/i) and (72,112) must satisfy the fohowing identity: 

xjyi) ^ x{y2) _ 1 
i{yi) i{y2) 2 

Here it is weh known that i{yj) > 2 for j = 1 and 2 always holds (cf. Theorem 1.7.7 of jEke3] or 
Lemma 15.3.2 of |Lon4j ) . By |LoZl| (cf. Theorem 15.5.2 of |Lon4j ) . at least one of i{yi) and i{y2) 
is irrational, say i{yi) € R \ Q without loss of generality. 

Then if x(yi) 0> obtain i{y2) is irrational too by p.5|) . Thus by a careful derivation using 
the index iteration formulae of Y. Long in [LonSj and estimates obtained by Y. Long and C. Zhu 
in [LoZlj . there should exist more than two closed characteristics which yields a contradiction. 

If x{yi) = 0, by the index iteration formulae of Y. Long in [LonSj . one can prove that the orbit 
y2 must satisfy 

|M < 1 (1.6) 

i{y2) 4 

Then together with (II. 5p . it yields a contradiction too and proves the theorem. 

In this paper, let N, Nq, Z, Q, R, and denote the sets of natural integers, non-negative 
integers, integers, rational numbers, real numbers, and positive real numbers respectively. Denote 
by a • 6 and \a\ the standard inner product and norm in R^". Denote by (•, •) and || • || the standard 

inner product and norm. For an S^-space X, we denote by Xgi the homotopy quotient of 
X hy S^, i.e., Xgi = 5°° X gi X , where is the unit sphere in an infinite dimensional complex 
Hilbert space. In this paper we use only Q coefficients for all homological modules. By t ^ a+, we 
mean t > a and t ^ a. 



2 A variational structure for closed characteristics 

In the rest of this paper, we fix a S G 7i{2n) and assume the following condition on 

(F) There exist only finitely many geometrically distinct closed characteristics 

{iTj7yj)}i<j<k on S. 

In this section, we transform the problem (jl.l|) into a fixed period problem of a Hamiltonian 
system and then study its variational structure. We introduce the following set: 
Definition 2.1. Under the assumption (F), the set of periods on S is defined by 

per{Ti) = {rriTj | m G N, 1 < j <k}. 

Clearly per(S) is a discrete subset of R"*". Motivated by Definition 2.1 of |Ekel| and Lemma 
2.2 of |Vitl] , we construct the following auxiliary function to further define Hamiltonian functions. 
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Proposition 2.2. For any sufficiently small G (0,1), there exists a function (/? = c/?^ G 
C°°(R, R'*') depending on -d which has as its unique critical point in [0,+oo) such that the 
following hold 

(i) (/7(0) = = ^'(0) and ^"(0) = 1 = limi^o+ 

(ii) (p{t) is a polynomial of degree 2 in a neighborhood 0/+00. 

(Hi) ^ < for t > 0, and limt_^+oo < "f?, «.e., is strictly decreasing for t > 0. 

(iv) min(^^^-p^, ip"{t)) > a for all t € R'^ and some a > 0. Consequently, 99 is strictly convex on 
[0, +00). 

(v) In particular, we can choose a G (1,2) sufficiently close to 2 and c G (0,1) such that 
(p{t) = ct^ whenever ^^-j^ G [^,1 — -d] and t > 0. 

Proof. We construct a ip satisfying (i)-(v). 

Define ipi{t) = t^ + {-a^ + 6a - ^)t^ + ( "^-5"+6 ) for t G (-00, 1] and (/^i(t) =r 

for t G [l,+oo). Then ipi G and ^^li^ is strictly decreasing for f > and a G (1, 2). Note that 
hmi^o+ ^ = ¥'i(0) = - 7a + 12 > 2 and 99'i(l) = a < 2. Hence ip2{t) = satisfies (i) and 
(iii). Next we further modify (p2 in a neighborhood of +00. 

Since ^^^^ tends to when t goes to +00, we obtain a T = > 1 sufficiently large such that 

where c = Cq, = (a^ — 7a + 12)~^. Now we define 

</?2(t), tG(-cx),r]; 



'^"^^^ i cT" + caT"~i(t - r) + '^"("-^)^"-^ it - T)\ tG[T,+oo). ^^'^^ 

Then ip^ G C°°(R \ {1,T},R+) fi C^(R, R+). We can approximate ps by a smooth function ip 
(cf. Theorem 2.5 of |Hirlj ) such that p = p^ holds outside a small neighborhood of {1,T}, and 
1 1 (/9 — (^311(^2 is small enough. Then it is easy to see that 99 satisfies (i)-(iv) of the proposition. 

Note that f{t) = [g a strictly decreasing function with /(I) = ^•2_y^_^_i2 < 1- Since /(I) 
tends to 1 as a goes to 2, if a is chosen sufficiently close to 2, then f{t) > 1 — holds for all 
t G [0, 1]. Together with (j2.ip it is easy to verify that this 99 satisfies (v). | 

Remark 2.3. 1° Note that in the above proof for (v), we can choose a G (1,2) sufficiently 
close to 2, c G (0, 1), and T sufficiently large such that p}{t) = ct" if and only 1 + 6 < t < T — 6 
for some 6 > 0. Note that the property (v) above is used only in the second part of the proof of 
Proposition 3.5 below to show that our index and nullity given by Definition 3.3 below coincide 
with those defined in |Ekel] - |Eke3] . and in our study in the Subsection 3.2 to obtain the periodic 
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property of critical modules at critical points. In the other parts of this paper we use functions ip 
which satisfy the properties (i)-(iv). 

2° Note that in the following, we only need the definition of (/? on [0, +00). In Proposition 2.4 
below, the parameter given by Proposition 2.2 depends on the parameter a, i.e., given an a > f 
as in Proposition 2.4, we choose first the parameter •& E (0, ^min{f,(T}). Then we can choose the 
parameter a E (1, 2) depending on a and let 93 to be homogeneous of degree a and then modify 
it near and +00 such that (i)-(iv) in Proposition 2.2 hold. Here we do not require 99 to satisfy 
(v) in Proposition 2.2. We denote such choices of t?, a and 93 by Oa and if a respectively to 
indicate their dependence on a. In such a way, we can obtain a connected family of ^pa continuously 
depending on a. Each fa in this family satisfies properties (i)-(iv) of Proposition 2.2. Moreover, 
the first and second derivatives of fa^') with respect to t are also continuous in the parameter a. 
Note that under these choices, the coefficients of the polynomials in the proof of (ii) of Proposition 
2.2 are continuous in a. Here that (/J^s form a connected family in a is crucial in our study below, 
for example in the proofs of Proposition 3.2, Lemma 3.4 and Proposition 3.5. 

Let J : R^" ^ R be the gauge function of S, i.e., j{Xx) = A for x E S and A > 0, then 
j E C3(R2n y {o},R) n C°(R2",R) and S = Denote by f = inf{s | s E j)er(S)} and 

a = min{|yp | y E S}. 

Proposition 2.4. Let a > r, i?^ E ^0, ^ min{f, a}j and fa be a C°° function associated to 
'da satisfying (i)-(iv) of Proposition 2.2. Define the Hamiltonian function Ha{x) = afa{j{x)) oind 
consider the fixed period problem 

(x{t) = JH'^{x{t)) 
\ x(0)=x(l) 

Then the following hold: 

(i) Ha E C3(R2« \ {0},R) n CHr2",R) and there exist R,r > such that 

r|eP < Kix)^ ■ ^ < Vx E R2" \ {0}, ^ E R2". 

(ii) There exist £1,62 E (^0, and C E R, such that 

C < Ha{x) < + C, Vx E R2". 



(2.3) 



2 - -V / - 2 



(Hi) Solutions of i2. 3\) are x = and x = py{Tt) with "^"j^-* = ^, where {T,y) is a solution of 
In particular, nonzero solutions of i2.3\) are in one to one correspondence with solutions of 
with period t < a. 
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(iv) There exists ro > independent of a and there exists /ia > depending on a such that 

H':{x)^-^>2aro\^\\ for < |x| < ^ G R^". 

Proof. Since j{Xx) = Xj{x) for all x G R^" \ {0} and A G R+, we have j'(Ax) = j'{x) and 
j"{Xx) = X~^j"{x). Hence for x = Xy with y € S and A € R^ we have 

H':{x)^.^ = K{Xy)i.i 

= a^'MXyWiXy) ■ if + a^'M>^y))j" {Xy)i ■ i 

= a^:{X){j'{y) ■ if + a^',{X)X-^j"{y)i ■ i (2.4) 

> aa{{j\y)-if+j"{y)i-0. (2.5) 

where the last inequality follows from (iv) of Proposition 2.2. Now fix y € S and represent R^" = 
Ry © TyS. We define a new norm in R^" by 

= a2 + [z2p, Vz = Ay + Z2 e (2.6) 

Since any two norms on R^" are equivalent, we have 

Ci{y)-^\z\<\z\y<CM\A, (2.7) 

for some constant Ci{y) > depending on y. Note that j'{y) = N^{y) by the fact that NY,{y)-y = 1 
and j'{y) ■ y = j{y) = 1 for every y € S. Since j{Xy) = Xj(y), we have j'(y) ■ y = j{y), hence 
j"iy)y = 0- For = Ay + we have 

(/(y)-0'+/(y)4-C = (/(y)-(Ay + e2))'+/(y)(Ay + 6)-(Ay + 6) 

= (/(y)-Ay)2+/(y)6-e2 

> A2 + C2(y)|e2p 

> Csiym^ 

for some positive constants C2(y) and C^{y) depending on y. Here the first inequality holds since 
S is strictly convex, hence j"{y)\TyT, is positive definite. The last inequality follows from (j2.6p 
and ()2.7p . By the compactness of S and (j2.7p we have H'^{x)i ■ ^ > r|^p for some r > 0. The 
compactness of S and (|2.4p yield H'^{x)i ■ i, < R\i\'^ for some R > 0. This proves (i). 

For (ii), it suffices to consider large. Hence suppose x = Ay for y G S and A > 0, then |x| = 
A[y|, so A is large. By (ii) and (iii) of Proposition 2.2, we have Ha{x) = aipa{X) = Dq + DiX + D2X^ 
for some < 2D2 < ad. Hence Ha{x) = Dq + ^\x\ + with ^ < < ^ by the definition 

of a. This proves (ii). 
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Clearly j; = is the unique constant solution of (j2.3p . Suppose x{t) is a nonconstant solution 
of (j2.3p . then Ha{x{t)) = aipa{j{x{t))) = const. Since ipa is strictly increasing, we have j{x{t)) = 
const. Let p = j{x{t)) and y{t) = p^^x {^ a<Ji(p) ^\ Then j{y) = p~^j{x) = p~^p = 1, hence 
y(R) C S. Moreover, we have y{t) = JNY;{y{t)) by ([231). Hence y) is a solution of (fTT]) . 

By (i) and (iii) of Proposition 2.2, we have "^"^^^ < 1. Hence r = ""^^^^^ < a. This together with 
a'&a < T proves one side of (iii). The other side of (iii) can be proved similarly and thus is omitted. 
(12. 4p together with the proof of (i) and Proposition 2.2 (i) yield (iv). | 
In the following, we will use the Clarke-Ekeland dual action principle. As usual, the Fenchel 
transform of a function F : R^" — > R is defined by 

F*(y) =sup{x-y-F(x) I X G R2"}. (2.8) 

Following Proposition 2.2.10 of pce3] . Lemma 3.1 of pceT] and the fact that Fi < F2 ^ F^ > F|, 
we have: 

Proposition 2.5. Let Ha be a function defined in Proposition 2.4 and Ga = the Fenchel 
transform of Ha ■ Then we have 

(i) Gae C2(R2" \ {0}, R) n C1(R2" , R) and 

G'aiy) =x^y = H'aix) H':{x)G:{y) = 1. 

(ii) Ga is strictly convex. Let R and r be the real numbers given by (i) of Proposition 2.4- Then 
we have 

< G'iiy)^ ■ e < r-i|e|2, Vy G R^" \ {0}, ^ G R^". 

(iii) Let ei,e2,C be the real numbers given by (ii) of Proposition 2.4- Then we have 

I |2 I |2 

2e2 - ^ ^ - 2ei 

(iv) Let ro > 6e the constant given by (iv) of Proposition 2.4- Then there exists 7]a > 
depending on a such that the following holds 

G:{y)C-C<i^\(\^ for 0<|y|<r?„eGR'". 
2arQ 

(v) In particular, let Ha = aipa{j{x)) with ipa satisfying further (v) of Proposition 2.2. Then we 
have Ga{pj' (z)) = cip^ when 2; G S and pj'{z) G {Ha{x) \ Ha{x) = acj{x)°'}, where c is given by 
(v) of Proposition 2.2, ci > is some constant and + (3~^ = 1 holds with a = Oa and (5 = j3a 
depending on a. | 
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Now we apply the dual action principle to problem (j2.3p . Let 



Lg(5\R2") = |u G l2qo,i],r2«) j\{t)dt = oY (2.9) 

Define a linear operator M : Lg(5i,R2") ^ Lg(5\R2") by 

—Mu{t) = u{t), / Mu{t)dt = 0. (2.10) 
at Jo 

The dual action functional on Lq(S'^, R^"') is defined by 

^a(M) = Q • Mu + Ga(- Jn)^ dt, (2.11) 

where Ga is given by Proposition 2.5. 

By (ii) of Proposition 2.5 and the proof of Proposition 3.3 on p. 33 of [Ekelj . we have 

Proposition 2.6. The functional '^a is C^'^ on Lq(S'^, R^"). Suppose x is a solution of i2.^) . 
then u = X is a critical point of Conversely, suppose u is a critical point of '^a, then there 
exists a unique ^ G R2" such that Mu - ^ is a solution of \2. 3)) . In particular, solutions of i2.3\) 
are in one to one correspondence with critical points of^a- I 

Proposition 2.7. The functional ^'^ is bounded from below on Lg(5^,R^"'). 

Proof. For any u € Lq{S^, R^"), we represent u by its Fourier series 

n(t) = 5] e^2.-^*Xfc^ XfcGR2". (2.12) 



Then we have 



Hence 



By (f2TT]) . we have 



Muit) = -Jj2 l^e'^-'^Xk. (2.13) 



^(Jn,Mn) = -iE^|x.P>-i^|HP. (2.14) 



^'a(n) = J (^^Ju- Mu + Gai-Ju)^ dt 

> \{ju, Mu) + - G] dt. 

Z Jo \ 262 / 

> Gi\\uf-G (2.15) 
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for some constant C4 > 0, where in the first inequahty, we have used (iii) of Proposition 2.5. Hence 
the proposition holds. I 
By (j2.15p and the proof of Lemma 5.2.8 of |Eke3j . we have 

Proposition 2.8. The functional satisfies the Palais-Smale condition on L'q{S'^ . | 
Proposition 2.9. ^a{ua) < for every critical point Ua ^ of 
Proof. By Proposition 2.4, we have Ua = Xa and Xa = pay{Tt) with 



Pa 

Hence we have 



(2.16) 



^a('Ua) = (^^JXa ■ Xa + Gai-JXa)^ dt 

= -h^iXa), Xa)+ ['GaiK{Xa))dt 

2 Jo 

= 2^'P'a{pa)pa - afa{Pa)- (2.17) 

Here the second equality follows from ()2.3p and the third equality follows from (i) of Proposition 
2.5 and i^ . 

Let f{t) = \aip'^{t)t-aipa{t) for t > 0. Then we have /(O) = and f'{t) = ^{ip'!^{t)t - Lp'^{t)) < 
since ^(^^^j^) < by (iii) of Proposition 2.2. This together with ()2.16p yield the proposition. | 

3 Critical modules for closed characteristics 

In this section, we define the critical modules of closed characteristics and study some properties 
of them. 

3.1 Basic properties of critical modules 

We have a natural 5^-orthogonal action on L'q{S^ defined by 

e-u{t) =u{e + t), V6'G5\tGR. (3.1) 
Clearly ^'^ is 5^-invariant. For any k G R, we denote by 

= {7. G LliS\-R^^) I ^a{n) < k}. (3.2) 
For a critical point u of ^'a, we denote by 

Aa{u) = A^(") = {we L2(S\ R2") I ^a{w) < ^a{u)}. (3.3) 
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Clearly, both sets are 5 -invariant. Since the 5 -action preserves if 

is a critical point of ^^'a? 

then the whole orbit 5^ • u is formed by critical points of ^'q. Denote by crit{'ifa) the set of critical 
points of ^a- Note that by the condition (F), (iii) of Proposition 2.4 and Proposition 2.6, the 
number of critical orbits of is finite. Hence as usual we can make the following definition. 

Definition 3.1. Suppose u is a nonzero critical point of'^a, and J\f is an -invariant open 
neighborhood of ■ u such that crit{^a) H {Ka{u) r\N) = ■ u. Then the -critical modules of 

■ u is defined by 

^ H,iiAaiu)nN-)si, i{Kiu)\S' ■u)nM)si), (3.4) 

where Hgi^ is the -equivariant homology with rational coefficients in the sense of A. Borel (cf. 
Chapter IV of fB^ ). 

Note that this definition is independent of the choice of M by the excision property of the 
singular homology theory (cf. Definition 1.7.5 of [Chal| ). Recall that Xgi is defined at the end of 
Section 1. 

We have the following proposition for critical modules. 

Proposition 3.2. The critical module C^i ,j(^'a, ■ u) is independent of the choice of Ha 
defined in Proposition 2.4 in the sense that if xi are solutions of i2.3\) with Hamiltonian functions 
Ha^{x) = anpai{j{x)) for i = 1 and 2 respectively such that both xi and X2 correspond to the same 
closed characteristic {T,y) on S. Then we have 

Csi,,i^a„ S'-il) = Csi,,{^a„ S'-X2), V(? € Z. (3.5) 

In other words, the critical modules are invariant for all a > t and satisfying (i)-(iv) of Propo- 
sition 2.2. 

Proof. Fix a closed characteristic (r, y) on S. We assume first r < oi < 02- Let be a family 
of functions satisfying (i)-(iv) of Proposition 2.2 and IIa{x) = a(pa{j{x)) satisfying Proposition 2.4 
parametrized by a G [01,02]- Without loss of generality we can assume ipa depends continuously 
on a in the sense of Remark 2.3. For each a € [01,02], we denote by Xa the corresponding solution 
of (j2.3p with Hamiltonian Ha- Firstly we prove the following 

Claim. For each o € [oi, 02] and e near 0, we have 

\Ga+eiy) - Ga{y)\ = 0{e) + 0{e)\y\\ Vy e R^", (3.6) 
\G'a+Ay)-G'a{y)\ = 0{e) + 0{e)\y\, Vy G R^", (3.7) 
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where we denote hy B = 0(e) if \B\ < C|e| for some constant C > 0. 

In fact, fix an a G [ai,a2] and let b G {a — e,a + e). For any y E R^", we have y = 
for some A > and ^ € S. Let x = G'i^{y), then by (i) of Proposition 2.5, we have Xj'{(,) 
H'f^{x) = bip'fj{j{x))j' (x). Hence x = //^ for some /i > 0. This yields 

A/(e) = V6(i(^))/(0- 

Hence A = bip'fj{j (x)) . Then j{x) = ((/?'^)^-'^(A/6). Because x = j{x)S,, we obtain 

X = {^',)-\xm, G'M =x = {^',)-\\/b)t 

Hence we have 

\G',^M - G'a{y)\ = |(^:,+J-^(A/(a + £)) - M-\\/a)m. 

It suffices to consider large |?/|, where ((/j^)^^ is a polynomial of degree 1 and whose coefficients 
depend continuously on b by (ii) of Proposition 2.2. Hence p.7p holds. 
For (|3.6p . we have 

G,{y) =x.y- H,{x) = X{^',)-\\/b) - bvM)-\X/b)). 

As above for large |y| by (ii) of Proposition 2.2 we may assume ipt, is a polynomial of degree 2 and 
whose coefficients depend continuously on b, this proves (j3.6p and the whole claim. 
Now we have the following estimates: 

\^a+eiu)-^a{u)\ < f' \Ga+e{- Ju) - Gai' Ju)\dt = 0{e) + Oie)\\uf , (3.10) 

Jo 

\\K+eiu)-Kiu)f = \\JG',^M-JGMf = 0{e) + Oie)\\uf. (3.11) 

In particular, (I3.10p and ()3.1ip imply that 6 i-^ ^'^ is continuous in the G^ topology. Note that 
the number of critical orbits of each ^'f, is finite. Hence by the continuity of critical modules (cf. 
Theorem 8.8 of [MaWl] or Theorem 1.5.6 on p. 53 of [Chal| . which can be easily generalized to the 
equivariant sense), our proposition holds. Note that a similar argument as above shows that the 
critical modules are independent of the choice of ipa in Ha{x) = aipa{j{x)) whenever a is fixed and 
ipa satisfies (i) to (iv) of Proposition 2.2. | 
We say that with a € [ai, 02] form a continuous family of functionals in the sense of Propo- 
sition 3.2. 

In order to compute the critical modules, as in p. 35 of |Ekel| and p. 219 of |Eke3| we introduce 
the following. 
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(3.8) 



(3.9) 



Definition 3.3. Suppose u is a nonzero critical point of^a- Then the formal Hessian of^a 
at u is defined by 

Q^{v,v)=[ {Jv Mv + G"{-Ju)Jv ■ Jv)dt, (3.12) 
Jo 

which defines an orthogonal splitting Lq = © i^o © E+ of Lq{S^ into negative, zero and 
positive subspaces. The index of u is defined by i{u) = dimi?_ and the nullity of u is defined by 
v{u) = dimE'o- 

Next we show that the index and nulhty defined as above are the Morse index and nuhity of a 
corresponding functional on a finite dimensional subspace of Lq(S'^,R^"). 

Lemma 3.4. Let '^a with a € [ai,a2] a continuous family of functionals defined by ^2.11\) . 
Then there exist a finite dimensional -invariant subspace X of Lo(5'^,R^") and a family of 
S^-equivariant maps ha ■ X ^ X-^ such that the following hold 

(i) For g G X , each function h ^ ^a{g + h) has ha{g) as the unique minimum in X-^. 

Let ipaig) = ^aig + K{g))- Then we have 

(a) Each Tpa is on X and -invariant, ga is a critical point of ipa if o-nd only if ga + ha{ga) 
is a critical point of 

(Hi) If ga ^ X and Ha is with k > 2 in a neighborhood of the trajectory of ga + ha{ga), then 
ipa is C^'^ in a neighborhood of ga- In particular, if ga is a nonzero critical point of tpa, then ipa is 

in a neighborhood of the critical orbit - ga- The index and nullity of'^a cit ga + ha{ga) defined 
in Definition 3.3 coincide with the Morse index and nullity of ipa cit ga- 

(iv) For any k € R, we denote by 

A^, = {gex\ Mg) < (3.13) 

Then the natural embedding AJJ ^ AJJ given by g ^ g + ha{g) is an -equivariant homotopy 
equivalence. 

(v) The functionals a i— > ijja is continuous in a in the topology. Moreover a i-^ '^s 
continuous in a neighborhood of the critical orbit ■ ga. 

Proof. By (ii) of Proposition 2.5, we have 

{GM-G'^{v),u-v)>u;\u-v\'^, Va G [ai,a2], G R^", (3.14) 

for some uj > 0. Hence we can use the proof of Proposition 3.9 of [Vitlj to obtain X and ha- In 
fact, X is the subspace of Lo(S'^,R^"') generated by the eigenvectors of —JM whose eigenvalues 
are less than — ^ and ha{g) is defined by the equation 

^'fa{g + haig)) = 0, (3.15) 
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then (i)-(iii) follows from Proposition 3.9 of [Vitl]. (iv) follows from Lemma 5.1 of [Vitlj . 
We prove (v). As in [Vitlj . (j3.14p and the definition of X yields 



{^'^{u) -%{v), u-v) >'^\\u-vf, Vn- V G X-L, a G [ai,a2]. (3.16) 
Hence we have 

1 1 1 K+e {g)-ha{g)\\'^ < {K+e {a + ha+e (g) ) " K+e id + ha (g) ) , ha+e (g) - ha{g)) 

= «(5 + ha{g)) - K+eia + ha{g)), ha+e{g) " ha{g)) 

< (0(e) + 0{e)\\g + ha{g)f)hha+e{g) - ha{g)\\. 

The second equality follows by ()3.15p and the last inequality follows by ()3.1ip . Hence a i— > ha{g) 
is continuous. We have ^0(5) = "^aig + Kig)) by definition, ^'^{g) = ■§^'^aig + ha{g)) by (|3.15p . 
Hence the first statement of (v) follows from ()3.10p and ()3.1ip . The last statement of (v) follows 
from p. 629 of [Vitlj and the implicit functional theorem with parameters. | 

Note that ^'^ is not in general, and then we can not apply Morse theory to ^'a directly. 
After the finite dimensional approximation, the function ipa has much better differentiability, which 
allows us to apply the Morse theory to study its property. Note that the above Lemma 3.4 is used 
only in Proposition 3.5 and Theorem 4.2 below. 

Proposition 3.5. For all b > a > t, let be a functional defined by \2.11\) . and Uf, = Xh 
be the critical point of so that Xb corresponds to a fixed closed characteristic (r, y) on S for 
all b > a. Then the index i{ub) and the nullity ^{ub) of the functional ^b o,i its critical point Ub 
are constants for all b > a. In particular, when Hb is a-homogenous for some a G (1,2) near the 
image set of Xb, the index and nullity coincide with those defined by I. Ekeland in JEkel^ to lEke3^ . 
Specially 1 < I'^Ub) <2n — 1 always holds. 

Proof. We consider the nullity first. As in Proposition 3.6 of [Ekelj . we have that v G 
Lq(iS'^,R^") belongs to the null space of Qa if and only if z = Mv — is a solution of the 
linearized system 

m = JH'^{xa{t))z{t), (3.17) 

for some unique ^ G R^". Denote by R{t) the fundamental solution of (|3.17p . Then by Lemma 
1.6.11 of [Ete3j . we have 

R{t)Ty^o)^ C Ty^rt)^. (3.18) 



Clearly, we have 



R{l)Xa{0) = XaiO). (3.19) 
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Let 

XaU*)=P.(^) with^ = ^. (3.20) 
Then we have Xa{p,Tp) = Xa{p,0)- Differentiating it with respect to p and using (j3.20p . we get 

Hence we have 

fi(lK(0) = Xa{0) - (^T^) iaiO) = Xa{0) + 7Xa(0), (3.21) 

a dp Wa{p)J 

where 7 < since ^ ( ip'^p) ) > by (iii) of Proposition 2.2. For any w E R^", we have 

Ha{Xa)w = aip'l^{j{Xa)){j'{x),w)j'{x) + aip'a{j{Xa))j"{Xa)w 

= aipl{j{xaW'{y),w)j'{y) + Tj"{y)w. (3.22) 

The last equahty follows from (iii) of Proposition 2.4. Let z{t) = R{t)z{0) for z{0) € Tj^(o)^- Then 
by (j3.18p . we have z{t) = Tj"{y{t))z{t). Therefore R{l)\Ty^^^^^'^ is independent of the choice of Ha 
in Proposition 2.4. Summing up, we have proved that in an appropriate coordinates there holds 

i2(l) = ( ^1 with ^=1 ^1, 

Vo cj Vo l) 

and C is independent of Ha- This proves that v{xa) is constant for all Ha satisfying Proposition 
2.4 with a > r. 

For any 6 > a > r, by (v) of Proposition 2.2, we can construct a continuous family of ^'c with 
c G [a, b] such that H^ is homogenous of degree a = ah near the image set of Xb- Now we can use 
Lemma 3.4 to obtain a continuous family of ipc such that ip'^{gc) depends continuously on c € [a, b], 
where gc is the critical point of ipc corresponding to Xc- Because dimker V'" (ffc) = ^^(aic) = constant, 
the index of ipc{gc) must be constant too. Because i{xb) and v{xh) coincide with the index and 
nullity defined by I. Ekeland (cf. (24) in p. 219 of [Eke3| ). our proposition holds. | 

In the following of this section, we fix a ^a- All the constructions below depend on this ^a- In 
order to simplify notations, we shall omit the subscript a. 

In order to relate the critical modules with the index and nullity of the critical point, we use 
the finite dimensional approximation introduced by I. Ekeland in [Ekelj . For e > 0, we define 
■^a,e{v) = JoilJv ■ M,v + Ga{-Jv))dt for V e L2([0,e],R2'^), where M,v{t) = Jov{s)ds. Then we 
have 
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Proposition 3.6. (cf. Lemma 3.9 of jEkelj ) For ^ G R^" and e > 0, consider the problem 



mm|^'a_,(i;) 



v{t)dt = Q • (3.23) 



Then there exists eo > such that for all e < eo and £^ G R^", the problem iS. 23\) has a unique 
solution v{e,^) which is on t. We have v{e,0) = for all e and if ^ / 0, then v{e,^){t) ^ for 
all t. ■ 
Now following I. Ekeland, we choose an i G N such that < eq and let e = Define 



(r2")(^= (6,...,ej€(R2")^ 



>2n\L J /'t t ^ ^ f'D2n\L 

i=l 

}2n\i I t. / n W-,-\ T ^ - r2/'cl Ti2n\ _^ (-D2n\i 



Let n = {(6, . . . ,ej G (R'")(, / 0, \/i]. Let : L'^{S\W") ^ (R^")^ to be 

PiV = / vdt, / f dt, . . . , / f . (3.25) 

\J0 Je J{i-l)e j 

Let r, : (R^")^ ^ Lg(Si,R2") to be 

r,(ei,...,6)(t) =^^(e,&)(i-(A^-l)e), (A: - l)e < t < /ce, (3.26) 

where f(e,^fc) is given by Proposition 3.6. 

Lemma 3.7. (cf. Lemma 3.10 and 3.11 of [Ekelj ) The functional o is on (R^")o and 
on 0. // (^1, . . . , ^t) 7^ zs a critical point of ° i'l, then rt(^i, . . . , ^ is a critical point 
of Conversely, if u ^ is a critical point of ^a, then p^u belongs to fl and is a critical point 
of o r^. Moreover, u and p^u have the same index and nullity. | 
Now let n ^ be a critical point of with multiplicity mul{u) = m, i.e., u corresponds 
to a closed characteristic {mT,y) C S with (t, y) being prime. Hence u{t + ^) = u{t) for all 
t € R and the orbit of u, namely, ■ u = /Zm = S^. Let p : N{S^ ■ u) ■ u he the 

normal bundle of 5^ • u in Lg(5^,R^") and let p''^{6 ■ u) = N{6 ■ u) be the fibre over 9 ■ u, where 
9 G S^. Let DN{S^ • u) be the g disk bundle of N{S^ ■ u) for some > sufficiently small, i.e., 
DN{S^ • n) = G N{S^ • u) \ \\^\\ < g} which is identified by the exponential map with a subset of 
Lg(5'\ R2"), and let DN{9 ■ u) = p-^{9 ■ u) n DN{S^ ■ u) be the disk over 9 ■ u. Clearly, DN{9 ■ u) 
is Z^-invariant and we have DN{S^ ■ u) = DN{u) Xz^ where the action is given by 

{9,v,t) G Z„ X DN{u) xS^ ^{9-v, 9-^t) G DN{u) x . 

Hence for an S"^ invariant subset F of DN{S^ ■ u), we have T/S^ = (L^ xz^ S^)/S^ = TufZim, 
where = L fi DN[u). Let F(i) = imr^ and for any k G R, we denote by 

T{lY = {n G F(t) I -^aiu) < k}. (3.27) 
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Lemma 3.8. For any k G R, we have a Z^-equivariant deformation retract from AJJ to 
Proof. For any v G Lq(S'^, R^"), let Pl{v) = (.^i, . . . , ^J, we have 



Q • Mv + Ga{-Jv)^ dt 

il r I i"^^ • I ^(«)^^ + r V{s)ds \ + Gai-Jv)] dt 



= j2y^aA^,) + ^JCj-J2^i^^ (3-28) 

where Vj{t) = f — l)e). By Proposition 3.6, we have ^a{v) > ^a{fiPi.v)- Hence the deformation 
retract F : AJJ x [0, 1] A^ is given by (f , s) sr^p^v + (1 — s)v. This is weh defined, since by 
Lemma 3.9 of [Ekelj . we have ^a,e is strictly convex, hence 

^aisr,p,V + (1 - S)v) < S^a{r,p,v) + (1 - S)^a{v) < "^aiv). 

Clearly F is Zt-equivariant and F = id on T{l)'^, hence the lemma holds. | 
As in p.51 of |Rad2j . let 

D,N{S^ -u) = DN{S^ ■u)r\r{L), D,N{e-u) = DN{e-u)nT{i). (3.29) 

For a Zm-space pair {A^B), let 

H^{A,B)^'^^ = {cj G H^{A,B)\L^a = ±a}, (3.30) 

where L is a generator of the Z^-action. Then by Lemma 3.8, as in Section 6 of [Rad2] or Section 
3 of | BaLlj . we have 

Lemma 3.9. Suppose u ^ {) is a critical point of with mul{u) = m and suppose T{l) is a 
finite dimensional approximation as above with m\i, i.e., m is a factor of i. Then we have 

Csi,,{^a, -u) ^ H,{{K{u)nDN{u))/Zm, {{K{u)\{u})r\DN{u))/Zm) 
^ H,{{K{u) n D,N{u))/Z,n. {{K{u) \ {u}) n AA^(n))/Z„) 
^ H,{Ka{u) n D,N{u), (A,(n) \ {u}) n D,N{u))'^-^. (3.31) 

Proof. For reader's conveniences, we sketch a proof here and refer to Section 6 of [Rad2] or 
Section 3 of jBaLlj for related details. 
By Definition 3.1, we have 

C5i,,(*a, ■u)^Hs^^,{K{u)nDN{S^ -u), {K{u)\{S^ ■u))r\DN{S^ -u)). 
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Since all the isotropy groups Gx = {g ^ \ g ■ x = x} for x £ DN{S^ • u) are finite, we can use 
Lemma 6.11 of [FaRlj to obtain 

H*, {Aa{u) n DN{S^ ■ u), (Aaiu) \ {S^ • u}) n DN{S^ • u)) 

^ H*i{Aaiu) n DNiS' ■ u))/S\ {{Aaiu) \ {S' ■ u}) n DN{S' ■ u))/S') 
^ H*{{Aa{u) n DN{u))/Zm, {{Aa{u) \ {u}) H DN{u))/Zm)- 

By the condition (F) at the beginning of Section 2, a small perturbation on the energy functional 
can be applied to reduce each critical orbit to nearby non-degenerate ones. Thus similar to the 
proofs of Lemma 2 of [GrMl] and Lemma 4 of |GrM2j , all the homological Q-modules of each space 
pair in the above relations are all finitely generated. Therefore we can apply Theorem 5.5.3 and 
Corollary 5.5.4 on pages 243-244 of [Spal] to obtain the same relation on homological Q-modules: 

Hs^^.{Aa{u) n DN{S^ ■ u), {Aa{u) \ {S^ ■ u}) n DN{S^ ■ u)) 

^ H,{{Aa{u) n DN{S^ ■ u))/S\ {{Aa{u) \ {S^ ■ u}) n DN{S^ ■ u))/S^) 

^ H,{{Aa{u) n DN{U))/Zra, {{Aa{u) \ {u}) H DN{u))/Zra). 

Now by Lemma 3.8, as in Section 6.2 of [Rad2j or Section 3 of [BaLlj . we obtain 

H,{{Aa{u) n DN{u))/Z^m, {{K{u) \ {u}) n DN{u))/Zm) 

^ H,{{Aa{u) n D,N{u))/Zm, {{K{u) \ {u}) n D,N{u))/Zm)- 

Note that the same argument as in Section 6.3 of |Rad2| . in particular Satz 6.6 of |Rad2j . Lemma 
3.6 of [BaLlj or Theorem 3.2.4 of [BiiT] yields 

H,{{Aa{u) n D,N{u))/Z^, {{Aa{u) \ {u}) n D,N{u))/Z^) 
^ H,{Aa{u) n D,N{u), {Aa{u) \ {u}) n AiV(n))^'". 

The above relations together complete the proof of Lemma 3.9. | 
3.2 The periodic property of critical modules 

By Proposition 3.2, we have that C^i ^.(^a, -S*^ • u) is independent of the choice of the Hamiltonian 
function Ha whenever Ha satisfies conditions in Proposition 2.4. Hence in order to compute the 
critical modules, we can choose ^a with Ha being positively homogeneous of degree a = aa near 
the image set of every nonzero solution x of (j2.3p which corresponding to some closed characteristic 
(r, y) with period r being strictly less than a. 
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In other words, for a given a > 0, we choose G (0, 1) first such that [a-!?, a(l — i?)] D per(E) n 
(0, a) holds by the definition of the set per(S) and the assumption (F). Then we choose a = G 
(1, 2) sufficiently close to 2 by (v) of Proposition 2.2 such that (pa{t) = ct"" for some constant c > 
and a € (1, 2) whenever ^ 1 — In this subsection we suppose that fa possesses this 

property (v). 

Now we consider iterations of critical points of ^a- Suppose n ^ is a critical point of with 
mul{u) = m. By Propositions 2.4 and 2.6, we have u = x with x being a solution of (|2.3p and 
X = py{Tt) with "^"^^^ = ^. Moreover, (r, y) is a closed characteristic on S with minimal period ^. 
For any p G N satisfying pr < a, the pth iteration of u is given by x^, where x'^ is the unique 
solution of (|2.3p corresponding to {pT,y). Hence we have 

x{t) = (—) ~ yirt), xPit) = (P^) ~ yiprt), 
\caa / \caa / 

a-l 1 g-l 1 

u{t) = x{t) = r (caa) y(rt), u'P{t) = x''{t) = {pr) "-2 (caa) 2-« y{pTt). 

These yield 

uP{t) = p^u{pt). (3.32) 

Choose two finite dimensional approximations T{l) and T(pl) as above and define the pth. iteration 
(j)P on D,N{u) by 

(t)P : v{t) ^ p^v{pt). (3.33) 

Claim. (pP maps Di^N{u) into Dp^N{uf) if the radii of the two normal disk bundles are suitably 
chosen. 

In fact, clearly (lf{v) € DN{uP) and by Lemma 3.9 of |Ekel| . 

v(^t + = V (^K v{s)d^ (t) = Vk{t), l<k<L, < t < ^. (3.34) 
Here Vk is the unique solution of 

1 k 

Vkit) = JH'^{MiVk + Ck), [ ' Vk{t)dt = f\ vit)dt, (3.35) 



where Ck is uniquely determined by Vk- Hence it suffices to show that 

for some C' G R-^" and < ^ < p, 1 < j < l- An easy computation show that 

M±{(j)P{v)){t) =p-^{Miv){pt). (3.36) 
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Then we have 

a-l 

(jf{v){t) = p"-2v(pt) 

= p^^JK{{M,v,){pt) + Q 

= JK{p^^{iM,v,)ipt) + Q) 

= JK{M^<pPivm+C). 

pi. 

In the above computations, we have used that Ha and then H'^ are positively homogeneous of 
degrees a and a — 1 respectively. This is true since by Proposition 3.6, all v G D^N{u^) lies in an 
L°° neighborhood of for 1 <i <p. This proves the claim. 
We have 

^a{(tf{v)) = t {\j(^{v){t) ■ McpP{v){t) + Ga{-J^{v)it))) dt 



2 

1/1 a-l 1 g-l \ 

( -Jp«-2t!(pt) ■ p'^-2[Mv){pt) + Ga{-Jp'^-^v{pt))\ dt 
= p^ (^iMpt) ■ {Mv){pt) + Ga{-Jv{pt))^ dt 

= p^^aiv). (3.37) 

Here the second equality follows from (j3.36p and the third equality follows from (v) of Proposition 
2.5. We define a new inner product (•, ■)p on Lq{S^ by 

{v,w)p=p^^{v,w). (3.38) 

Then (pP : D^N{u) — > Dp^N[vP) is an isometry from the standard inner product to the above one. 
Clearly (j)^{D^N{u)) consists of points in Dp^N{vP) which are fixed by the Zp-action. Since the 
Zp-action on Dp^N{uP) are isometrics and / = ^a\D ,n(up) is Zp-invariant, we have 

/"(.)= V„.^(AiVW). (3.39) 

Moreover, we have 

fiv) = UUp^D^Niu)))', yv e riD.Niu)). (3.40) 

Now we can apply the results by D. Gromoll and W. Meyer [GrMlj to the manifold Dp^N{uP), 
with as its unique critical point. Then mul{u^) = pm is the multiplicity of vP and the isotropy 
group Zpm ^ of uP acts on Dp^N{uP) by isometrics. According to Lemma 1 of |GrMlj . we have 
a Zpm-invariant decomposition olTuv{Dp^N[vP)) 

TuP{Dp,N{vF)) = y+ ©y- = {(x+,x_,xo)} (3.41) 
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with dim!/ = i{u^), dirny^ = v{vP) — 1 and a Zpm-invariant neighborhood B = Bj^ x B^ x Bq 
for in Tup{Dpi^N{u^)) together with two Zp^-invariant diffeomorphisms 

^ : B = B+ X B^ X Bo ^{B+ x 5_ x Bq) C Dp,N{uP) 

and 

r]:Bo^ W{uP) = r]{Bo) C Dp,N{uP) 
and $(0) = r/(0) = u^, such that 

'i'aO^{x+,X-,xo) = |x+p- |x„|2 + ^'„0 7?(xo), (3.42) 

with di'^a ° f/)(0) = c?^(^'a ° f/)(0) = 0. As usual, we call W{u^) a local characteristic manifold and 
U{vP) = i?_ a local negative disk at vP. By the proof of Lemma 1 of [GrMl J. W{vP) and U{vP) 
are Zpm-invariant. It follows from ()3.42p that vP is an isolated critical point of ^ a\Dj„N{uP)- Then 
as in Lemma 6.4 of [Ra,d2]) we have 

= H^UiuP), U{vJp) \ {nP}) H.{W[uP) n A.^), (W^u^) \ K}) n AaK)), (3.43) 

where 

fQ, ifg = i(nP), 

i/,(C/(n^),C/(nP)\K})= (3.44) 

[ 0, otherwise. 

Now we have the following proposition. 

Proposition 3.10. Let u 7^ he a critical point of with mul{u) = 1. Then for all p G ISi 

and q & Z, we have 

Csr,,{^a, S'-un=^Hg^^^^r)iW{uP)nAa{uP)AW{nn\{uP})nAa{un)) , (3.45) 

where l3{vP) = (—!)*("'')"*("). In particular, if uP is non- degenerate, i.e., v{vP) = \, then 

r Q, if g = iiuP) and [5{uP) = 1, 
Cs.,,{^a, S^-un = \ (3.46) 
[ 0, otherwise. 

Proof. Suppose is a generator of the linearized Zp-action on U{vP). Then 0{^) = ^ if and 
only if ^ G Tuv{(lf{D,N{u))). Hence it follows from (|3371) and (|339]) that i = (<?^)*(C') for a unique 
G Tu{D,N{u)y . Hence the proof of Satz 6.11 in [Rad2] or Proposition 2.8 in [BaLlj yield this 
proposition. | 



23 



Definition 3.11. Let u ^ be a critical point of with mul{u) = 1. Then for all p ^'N and 
I G Z, let 



ki^±i{vP) = dim(^/7,(w^K)nA,K),(T^K)\K})nA,K))) (3.47) 

ki{vP) = dimi^Hi{W{uP)nAaiun,{WiuP)\{uP})nAaiuP))j . (3.48) 



ki{vP)s are called critical type numbers of . 

Note that by Proposition 3.5, we have ki^±i{nP) = if / ^ [0, 2n — 2]. 
Similar to Section 7.1 of |Rad2j or Theorem 2.11 of [BaLlj . we have 

Lemma 3.12. Let u ^ be a critical point of^a with mul{u) = 1. Suppose v{u"^) = v{vP^) 
for some m,p € N, then we have ki^±i(u"^) = ki^±i{vP^) for all I € Z. 

Proof. We choose finite dimensional approximations T{i) and T{pi) as in Proposition 3.6 with 
m\i and let 0^ : D^N{u^"') Dp^N{uP'^) be the pth iteration map. By (j3.38p . (j)^ is an isometry 
under the modified metric. Hence by (j3.37p . we have 

zv(m™) - 1 = dimker((^'a|£,^7v(„m))" - /) = dimkei{{'ifa\<j>P{D,N{u"^)))" - I)- (3-49) 

Thus by (j3.39p and the assumption v{u^) = v{u^^), we have that Tuvm{(f)P[Di^N{u'^))) contains 
the nullity space of the Hessian of a\Dp,N{uP^)- Now by (|3.40p . we can use Lemma 7 of [GrMl| to 
obtain that (jf{W{u^)) = W{u^'^) is a characteristic manifold of a\Dp,N{uP^)j where W{u"^) is a 
characteristic manifold of ^ a\D,N{u'^)- By (|3.37p . we have 

0P : (VF(n'") n K{u^). {W{vJ^) \ {n'"}) n A„(n'")) 

^ {WivF"^) n Aa(nP™), (VF(uP'") \ {nP™}) n Kiu^"^)) 

is a homeomorphism. Suppose 6 and Op generate the Z^ and 'Lpm action on W{u^) and W{vP'^) 
respectively. Then clearly (jf o 6 = Op o (jf holds and it implies 

H^iWiu"^) n A„(n'"), (H^(n™) \ {n™}) n A,(n'"))±^'" 

^ (VF(uf™) n Aa(nP"^), (W^(nP") \ {vF"^}) n Aa(nP"^))±^'"". 

Therefore our lemma holds. ■ 
Proposition 3.13. Let u ^ be a critical point of with mul{u) = 1. Then there exists a 
minimal K{u) G 2N such that 

i,[uP+K{u)^ = u{uP), i(uP+^('')) - i{uP) e 2Z, Vp G N, (3.50) 
ki{uP+^^''^) = ki{uP), VpGN, /gZ. (3.51) 
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We call K{u) the minimal period of critical modules of iterations of the functional nt u. 

Proof. As in the proof of Proposition 3.5, we denote by R{t) the fundamental solution of 
(j3.17p . Then by Lemma 1.1 and 1.2 of jLoZlj . we have i^u^) = i{u,p) — n and u{vP) = u[u,p) 
for all p € N, where {i{u,p),i'{u,p)) are index and nullity defined by C. Conley and E. Zehnder 
in |CoZl ]. Y. Long and E. Zehnder in [LZel j and Y. Long in |Lonlj . cf. |Lon4j . Hence we have 
u{uP) = dimker(i?(l)^ — hn)- Denote by Aj = exp{±2'ir^) the eigenvalues of R{1) possessing 
rotation angles which are rational multiple of vr with r^, Si EN and (rj, Sj) = 1 for 1 < i < q. Let 
K{u) be twice of the least common multiple of si, . . . , s^. Then (I3.50p holds. Note that the later 
conclusion in p.50p follows from Theorem 9.3.4 of |Lon4| . 

In order to prove (|3.5ip . it suffices to show 

j^^^^m+qK{u)^ = kiu"^), Vg G N, Z G Z, 1 < m < K{u). (3.52) 

In fact, assume that (j3.52p is proved. Note that (j3.5ip follows from p.52p with q = 1 directly 
when p < K(u). When p > K{u), we write p = m + qK{u) for some g G N and 1 < m < K{u). 
Then by (j3.52p we obtain 

i.e., (|33T]) holds. 

To prove ()3.52p . we fix an integer m G [1,-R'(u)]. Let 

A = {si G {si, . . . , Sq} I Sj is a factor of m}, 

and let mi be the least common multiple of elements in A. Hence we have m = mim2 for 
some m2 G N and = v{u"^^). Thus by Lemma 3.12, we have ki{u'^) = ki^p(^^m-^{u™'^). 

Since m + pK{u) = mim^ for some ms G N, we have by Lemma 3.12 that ki^u"^^^^^"^^) = 
/c;^^(„™+px(.))(u™i). By (1330)1 . we obtain /3(tt™+P^(")) = and then (I332D is proved. This 

completes the proof. | 
Note that the above Proposition 3.13 could be established also without forcing the Hamiltonian 
to be homogeneous near its critical points. In fact, by Proposition 3.2, it holds for any Hamiltonian 
defined by Proposition 2.4. 

3.3 Indices and Euler characteristics of closed characteristics 

In the following, Let by any function defined by (|2.1ip with Ha satisfying Proposition 2.4, we 
do not require Ha to be homogeneous anymore. 
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Definition 3.14. Suppose the condition (F) at the beginning of §S holds. For every closed 
characteristic {T,y) on T,, let a > t and choose to satisfy (i)-(iv) of Proposition 2.2. Determine 
p uniquely by '^"^^•^ = ^. Let x = pyi^rt) and u = x. Then we define the index i{T,y) and nullity 
^{T,y) of{T,y) by 

'i{T,y) = i{u), u{T,y) = u{u). 
Then the mean index of (r, y) is defined by 

l{r,y)= lim (3.53) 

rrt-^oo 777, 

Note that by Proposition 3.5, the index and nuhity are well defined and is independent of the 
choice of a > r and ipa satisfying (i)-(iv) of Proposition 2.2. Note that by Theorem 1.7.7 of |Eke3] 
(cf. Corollary 8.3.2 of |Lon4j ) . we have i{T,y) > 2. 

For a prime closed characteristic (r, y) on S, we denote simply by y"^ = (mr, y) for m € N. 
By Proposition 3.2, we can define the critical type numbers ki{y"^) of to be ki{u^), where 
is the critical point of corresponding to y™. We also define K{y) = K{u), where K{u) G N is 
given by Proposition 3.13. Suppose Af is an 5^-invariant open neighborhood of ■ such that 
crit(^'a) n (Aa(ii™') nM) = ■ ti™. Then we make the following definition 

Definition 3.15. The Euler characteristic xiu"^) of y"^ is defined by 

oo 

^ ^(-l)«dimCsi,g(^a, (3.54) 

g=0 

Here xi^^B) denotes the usual Euler characteristic of the space pair {A,B). 
The average Euler characteristic x{y) of y is defined by 

X{y) = lim 1 Xivn- (3.55) 

The following remark shows that x{y) is well-defined and is a rational number. 
Remark 3.16. By (f334]l . we have 

oo 2n-2 

Xivn = E(-irdimC5i,,(*„, S'-un = J2 (-l)^(^'"^+'fc,(y™). (3.56) 

q=0 1=0 

Here the first equality follows from Definition 3.1. The second equality follows from Proposition 
3.10 and Definition 3.11. Hence by (j3.50p and Proposition 3.13 we have 



x{y) = hm 1 {-ly^'^^^^'kiyn 



Af->oo N ,^ ^„ 

1<7T1<JV 
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s^oo sK(v) 

' l<rn<K(y), 0<l<2n-2 
0<p<s 

= ^ E (3.57) 

0<i<2n-2 

Therefore xiu) is well defined and is a rational number. In particular, if all y'^s are non-degenerate, 
then i^(y"^) = 1 for all m € N. Hence the proof of Proposition 3.13 yields K{y) = 2. By (|3.46p we 
have 

1, if i(y") - i{y) G 2Z and / = 
0, otherwise. 



Hence (|3.57p implies 



n-ify\ if i(y2) - i(y) e 2z, 

X(y) = < (_i).{y) . (3.58) 



2 , otherwise. 



Remark 3.17. Note that ki{y^) = for Z ^ [0, z^(y™') — 1] and it can take only values or 1 
when / = or / = iy{y'^) — 1. Moreover, the following facts are useful (cf. Lemma 3.10 of [BaLlj . 
plaT] and IMaWlQ : 

(i) koiy"") = 1 implies kiy"") = for 1 < / < i/(y™) - 1. 

(fi) K^ymyiiy"^') = 1 implies hiy"") = for < / < z^(y™) - 2. 

(iii) kiy"") > 1 for some 1 < / < i/(y") - 2 implies feo(y™) = ^i.(s,-)-i(y"') = 0. 

(iv) In particular, only one of the ki{y™')s for < Z < i'{y™') — 1 can be non-zero when u{y"^) < 3. 



4 Homological vanishing near the origin 

In Section 3, we have studied nonzero critical points of ^a- This section is devoted to the study of 
the contribution of the origin to the Morse series of the functional "if a on Lq(S'^,R^"). The main 
result in this section is motivated by Theorem 7.1 of [Vitlj . but our proof is different from that in 

[VTtT] . 

We consider first the distribution of critical values of ^a- Note that a critical point Ua = Ua{T, y) 
of corresponds to a closed characteristic (r, y) on S by Propositions 2.4 and 2.6. Therefore the 
critical value ^'a(na) = ^'a(na(r, y)) is a function of (t, y), a and if a in Proposition 2.4. 

Proposition 4.1. Let Ha{x) = aip{j{x)) for a G [01,02] be a family of functions given by 
Proposition 2.4 with the same ip satisfying (i)-(iv) of Proposition 2.2. For a G [01,02], suppose 
Ua = Ua{T, y) ^ is a critical point of "^a- Then ^'a(Ma) = "^ai^aiT, y)) is a function of the period 
T, a and ip. Thus we denote it simply by ^a,T- Here we ignore the dependence of^a,T on ip. Then 
we have the following properties of '^a,T ■ 
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(i) ^a,r < and ^a,T is an increasing function of t when a is fixed, 
(a) ^a,T is a strictly decreasing continuous function of a when r is fixed. 
(Hi) If a £ per{Y,), then we have lim;^_^„+ ^'A,a = 0. 

Proof. By Propositions 2.4 and 2.9, we have Ua = Xa, Xa = PaViTt), and then (j2.16p and 
(pTTl) ) become 

^ = ^, (4.1) 

Pa a 

"^aiUa) = -aif'{pa)pa " aip{pa). (4.2) 

Note that ^a{ua) < follows from Proposition 2.9. Note that by (14. ip . pa depends only on the 



period r of the closed characteristic, a and 99, hence so does ^a{ua) by (|4.2p . 

For (i), fix an a G [01,02]. Note that by (iii) of Proposition 2.2 and ()4.ip . pa is a decreasing 
function of r. Now let f{t) = ^aip'{t)t — a(p{t). As in the proof of Proposition 2.9, we obtain 
/(O) = and f'{t) < by (iii) of Proposition 2.2. Hence (i) holds. 

For (ii), given r € per{T,) with r < a, we may choose a fixed closed characteristic (r, y) on S. 
Differentiating the equation (j4.ip with respect to a yields 

('/''(Pa) + a<f"{pa)p'a)pa - aip'{pa)p'a = 0. 

Hence we have 

^^a{Ua) = ^ ( 'P'{Pa)pa - ^ifipa) + aip" {pa) pap'a " ^V?' (pa)p'a) 
= -V^(/Oa) < 0. 

Therefore (ii) holds. Note that in this proof we used the property that (p is independent of the 
choice of a € [ai, 02]. 

For (iii), we have ^ as A ^ a"*" by (|4.ip . (i) and (iii) of Proposition 2.2. Hence (iii) holds 
by (|4.2p and (i) of Proposition 2.2. | 
The main result in this section is 

Theorem 4.2. Fix an a > such that per{T,) (0, a) 7^ 0. Then there exists an eq > small 
such that for any e £ (0, Eq] we have 

Hsi,,iAl A-') = 0, Vg</o, (4.3) 

if lo is the greatest integer in Nq such that Iq < i{T,y) for all closed characteristics (r, y) on E 
with T > a. 
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Proof. Let 

T(a) = max{T < a | r G per(S)}, Eq = -^^a,r(a)- 

Then by (i) of Proposition 4.1, there are no critical values of in the interval [— £o] except 0. 
Hence we have 

Hs., ,iAl A-') = Hsi, ,(A^°, A-^«), Vg € Z, e e (0, eo]- (4.4) 

In the following we assume e S (0, Eq]. 

Note that by the same proof of Proposition 3.2, Hgi^ qi^a, A~^) is independent of the choice of 
(fa in Ha{x) = a(pa{j{x)) which satisfies (i)-(iv) of Proposition 2.2. Hence we can choose ipa = 
for any function ip satisfying (i)-(iv) of Proposition 2.2. 

The rest part of the proof of this theorem is carried out in three steps. 

Step 1. Claim: For every b > a there exists if, € (0, Eq] such that 

Hsi, q{K, - Hsr, ,(A|, A,-^), yq < Jo and e € (0,4]- (4.5) 

In fact, by the above second paragraph, we may choose if such that Hc{x) = c(p{j{x)) satisfies 
Proposition 2.4 for all c G [a, b] with a fixed 93. 

By Lemma 3.4, we can choose a family of finite dimensional approximations he : X ^ X-^ and 
consider the functions il^dd) = ^c{g + hc{g)) on the finite dimensional manifold X. Moreover, we 
have Hgi q{A% A~^) = i/51 ,j(A^, A~^) for any e > by (iv) of Lemma 3.4. Hence in order to 
prove ()4.5p . it suffices to prove 

Hs^^ qiK, A-^) - Hsi, ,(Al A^% (4.6) 

for £ G (0,eo) sufficiently small. Clearly, it suffices to prove that for any c G [a, 6] there exists 
6, e' > such that 

Hsi^qiAl, A-/) ^ Hsi,qiK,, A-/), Vg < /q. (4.7) 

for any ci, C2 G [c — 5,c + 6] and e G (0, e']. In the following, we fix a c G [a, b]. 
We have two cases. 
Case 1. c ^ per{T,). 

In this case, since per(E) is a discrete subset of R"*" by Definition 2.1 and the assumption (F), 
we can find 5 > such that [c — 5, c + 5] nper(S) = 0. Hence nonzero critical points of ipx are 
precisely those closed characteristics (r, y) on S with period r < c for all A G [c — 5,c + S\. Let 

To = maxjr < c — 5 | r G per(S)}. 
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Then by Proposition 4.1 and the definition of tq, we have 

for all nonzero critical points gx of tpx. Let e' = —^^c~5,to- Then ±e for e € (0, e'] are regular 
values of ipx for all A € [c — (5, c + 5]. Moreover, by (j2.15p and the definition of V'a in Lemma 3.4, 
we have tpxis) goes to +oo as H^H goes to +oo. Hence we can choose i? > to be sufficiently large 
such that A| C Br{0) for all A € [c — 5,c + 6], where -B_r(0) is the open ball in X centered at 
the origin with the radius R. Then we have ipxid) is continuous with respect to A uniformly for 
g G [jxe[c-S,c+S] ^x- Clearly, it follows from Lemma 3.4 that both Tpx{g) and tp'xig) are continuous 
for (A, g) € [c — c + (^] x X. Hence we can apply a slightly stronger version of Exercise 8.4 on 
p.203 of [MaWlj or Theorem 1.5.6 on p. 53 of plaT] to obtain (liTTD . 

Case 2. c S per(T,). 

In this case, let 

To = max{r < c | r E per(S)}, ri = min{r > c | r G per(E)}. 

Let 6 < ^ min{c — tq, ti — c} to be determined later. Then nonzero critical points of V'a for 
A G [c — 6,c\ consists of closed characteristics (r, y) on S with period r < c, and nonzero critical 
points of ipx for A € (c, c + 5] consists of closed characteristics (r, y) on S with period r < c. Then 
by Proposition 4.1, we have 

for all nonzero critical points gx of ipx with period r < c when AG [c — (5, c + 5]. Note that by (ii) 
and (iii) of Proposition 4.1, the critical value ^x,c of ipx for A G {c,c + 6] with period r = c is close 
to when 6 is small. Specially by Proposition 4.1, from the fact ^'c.to < |^c, tq < = limx^c+ ^x,c 
we can choose > so small such that the following relation holds: 

J^'cro < ^*c-i,ro < ^c+5,c < = lim ^'a,c- 
Z Z A^c+ 

Let e' = — i^c-<5,To- Therefore by our above discussion ±e' are regular values of i/jx for all A G 
[c- (5,c + 5]. 

More precisely, we have Figure 4.1, where the /i-axis denote the critical values of ■i/'A) /o(^) = 
^'A,ro for A G [c — 5, c+(^] and /i(A) = ^'a,c for A G (c, c + 5]. Both /o and fi are decreasing functions 
in A by (ii) of Proposition 4.1, and \iinx^c+ fii^) = by (iii) of Proposition 4.1. Moreover, by (i) 
of Proposition 4.1, the interior of the shaded part in the Figure 4.1 contains no critical values of 
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Figure 4.1: Near the critical value 



'i/'A for A € [c — 6,c + 5]. Therefore — e' is a common regular value of those ip\s. Since all critical 
values of ^|J\ are non-positive, e' is a common regular value for all of ^lJ\s too. 
Hence by the same proof of Case 1, we have 

Hsi, g{Ai, A-f) - Hsi, ,{Ai, A-f), Vg G Z (4.8) 

for any ci , C2 G [c — 5,c + 6]. 

Since is the only critical value of ^^J\ in [— e', e'] for AG [c — 5,c], for any e < e' we have 

Hsi,,iAt,Al'')^Hsi,M,Al'), VgGZ. (4.9) 

But critical values of ipx in [—e', e'] for X & {c, c + 5] are precisely and ^'a,c as indicated in the 
Figure 4.1. 

If e G (— ^'a,c; £']) then the interval [— e', — e] contains no critical values of ^'a- Hence (14. 9p 
remains true for these e and A. 

If e G (0, — ^'a.c], we consider the exact sequence of the triple (A^jA^"^, A^^ ): 

Hs.,g{A^',Af ) ^ Hs^,,{Al,A^^') ^ F^i^^lA^, A^) ^ Hsi,,^,{A^' ,A~/). (4.10) 

Since ^'a,c is the unique critical value of Tpx in [— e', —e], as in Lemma 1.4.2 of [Chalj . we have 

I 

Hsi,,{A-,', A-/) - 0C<,i,,(Va, 5i-5A,0 

i=l 
I 

= 0Csi,.(^A, S^-TXA,,). (4.11) 

i=l 
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Here gx^i and ua, j denote the critical points of ipx and ^\ with critical value ^'a,c respectively. The 
second isomorphism follows from (iv) of Lemma 3.4. By Proposition 3.10 and the definition of /q, 
we have 

Csi,g{^x, S^-ux,i)^0, yq<Io,l<i<l. 

Hence (I4.1ip yields 

Hsi,,iA-x',Ax'') = 0, Vg</o. (4.12) 

Then by (j4.10p we have 

Hs., ,(Ai, A^^') ^ Hsi, ,{Al, Ax'), V<? < /q. (4.13) 

Since ipx has no critical value in [e,e'], we have 

Hsi, ,{Al, A-/) - Hs^, g{Ai, A-/), Vg G Z. (4.14) 

Combining (filS]) . (|^ . (|i33]) and (fiTij) we obtain (fiTT]) . The proof of Step 1 is complete. 
Step 2. Claim: 

/7si,,(A|, A,-^)-0, Vg</o (4.15) 

holds for some b > a large enough and some e G (0, if,] sufficiently small. 

In fact, the proof is a modification of that of Theorem 3.8 in [Ekel] to the S^-equivariant case. 
Considering ipi,, we assume b ^ per(S) and will determine b later. 

Firstly we approximate ipb by an S^-invariant function ip satisfying the following conditions: 

(i) ip has the same critical points as ipi, outside a neighborhood O of 0. Hence ip contains all 
nonzero critical points of iph as its critical points. 

(ii) Each critical orbit ■ g of contained in 17 is non-degenerate and ip has Morse index 
(g) > Iq at the critical point g. 

More precisely, we construct ip as follows. 

Following p. 46 of [Ekelj and Proposition 2.5, we can approximate Gb by a strictly convex 
function G such that 

G{x) = Gb{x), for |x| > Qi, (4.16) 
{G"ix)tO < ^leP, for |x| < ^2, G R2", (4.17) 

where Q2 > Qi > ^ can be chosen as small as we want and tq is given by Proposition 2.5. Now we 
define a functional ^ on Lq(S'^,R^") 

^!{u) = [^Ju-Mu + G{-Ju)^dt. (4.18) 
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Denote by H the Fenchel transform of G. Then critical points of ^ correspond to 1-periodic 
solutions of the equation x = JH'[x). Moreover, by choosing qi small enough, nonzero critical 
points of are also critical points of ^ . Other critical points n of ^ must satisfy ||'u||c0(si,r2") < £'2- 
Hence such a critical point u has index 

"6ro" 



iiu) > 2n 



h{b), (4.19) 



.27r. 

by Definition 3.3, (j4.17p and Proposition 1.4.14 on p. 32 of jEke3) . Now we can fix the b in the 
Claim (|4.15p to satisfy Ii{b) > Iq. 
For any k S R, we denote by 

Q'' = {ue r2") I ^{u) < k}. (4.20) 

By choosing — ^b||ci(L2(5i r2"),r) to be small enough, we can fix an e € (0, f^) such that 
(— 2e, 0) contains no critical value of and ite are regular values of ^. Then using a slightly 
stronger version of Exercise 8.4 of [MaWl] or Theorem 1.5.6 on p. 53 of |Chal] with continuous 
dependence on the parameter, we obtain 

Hsi,giAl, A^) = Hsi,,i@', Q-n, Vg G Z. (4.21) 

By Lemma 3.4, we can choose a finite dimensional approximation /i : X — > X-^ and consider the 
function ip{g) = ^{g + h(g)) on the finite dimensional manifold X. We have 

Hsi,g{e', - ^5\,(0', e Z. (4.22) 

by (iv) of Lemma 3.4, where 0" = {g ^ X \ ip{g) < k} for k G R and any critical point g oi ip with 
critical value in [— has Morse index m~{g) > Ii{b) by (iii) of Lemma 3.4 and (j4.19p . By (iii) of 
Lemma 3.4, we have ip G C'^{X, R) is S^-invariant, and the S'-'^-action is C°° on X. Hence by the 
Density Lemma of [Waslj . ip can be approximated by a smooth S^-invariant function ijj whose 
critical orbits ■ g are non-degenerate when 'ip{g) G [— e, e], i.e., ^ is a Morse function there, and 
any critical point g of 'tp with critical values in [— e,e] has Morse index m'{g) > Ii{b). This finish 
the construction of ip. 

When ijj is sufficiently close to ip, we have by a slightly stronger version of Exercise 8.4 of 
[MaWl] or Theorem 1.5.6 on p. 53 of [Chal| again, 

Hsi, ,(e^ G-^) ^ Hs., ,(A^ A-^), G Z, (4.23) 
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where A'^ = {g (z X \ tp^g) < k} for k G R. Now by the Thorn isomorphism (cf. p. 77 of |Chal| ). 
we have 

Csi, S'-g) = H^^^-^g)iBGg, 9), (4.24) 

where Gg is the isotropy group of the critical orbit ■ g and 6 is the orientation bundle of the 
negative bundle of ip" {g). Hence we have 

C5i,,(V^, 5i-9) = 0, V(?</i(6), (4.25) 

for any critical point g of ip with critical values in [— e,e]. Hence by the Morse inequality, we have 
I 

^dimC5i,,(^, S'-gi) > dimHsi^giA', A'^), Vg E Z, (4.26) 

i=l 

where we denote the critical orbits of -0 with critical values in [— e, e] by {S^ ■ gi, . . . , ■ gi}. Now 
combining (|i:2T]) - (|i:23]) . ^^l5\i and (g^S]), we obtain the claim ([iJ5]) . 

Step 3. Now (|4.5p of Step 1 and (|4.15p of Step 2 yield an e G (0, ib] for some b > a large 
enough such that ()4.3p holds for this e. Then by ()4.4p we obtain ()4.3p for all e € (0, eo] and then 
the proof of Theorem 4.2 is complete. I 

5 Proof of the Theorem 1.2 

In this section, we give a proof for the Theorem 1.2 with Ha{x) = aipa{j{x)), where ipa satisfies 
(i)-(iv) of Proposition 2.2. 

Let be a functional defined by ()2.1ip for some a G R large enough and let e > be small 
enough such that [— e,0) contains no critical values of ^a- We consider the exact sequence of the 
space pair (A^f , A^^): 

Hs^q+i{AT, A-^) ^ Hsi,g{A-^) ^ Hsi,g{A^) ^ Hsi,g{AT, A"-) (5.1) 

for any g G Z. Let /q G Nq be given by Theorem 4.2. Note that by Proposition 4.1, there are no 
critical values of in (0, +oo). Hence by Theorem 4.2 we have 

i/5i,,(A-, A-^) - Hsi,,(,K, A--) - 0, Vg < /q- (5.2) 

Therefore (jS.ip implies 

Hsi, ,{A~^) - Hsr, g(A-) - HgiCPn, Vg < Jq. (5.3) 
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The second isomorphism follows since = Lq{S^, R^") is S^-equivariantly homotopic to a single 
point. 

Let X be an S^-space such that the Betti numbers bi{X) = dim/Z^i Q) are finite for 

all z G Z. As usual the S'^-equivariant Poincare series of X is defined by the formal power series 
PiX)it) = Er=o biiX)t'- Note that by Proposition 2.7, is bounded from below on Ll{S^, R^"). 
Hence the S^-equi variant Morse series M{t) of the functional ^'a on the space A""^ is defined as 
usual by 

M{t)= dimCsi,,(^a, (5.4) 

'?>o, i<i<p 

where we denote by {S^ ■ vi, . . . , ■ Vp} the critical orbits of '^a with critical values less than —e. 
Then the Morse inequality in the equivariant sense yields a formal power series Q{t) = X]i2:0 
with nonnegative integer coefficients qi such that 

M{t) = P{t) + {l+t)Q{t), (5.5) 

where P{t) = P{K~^){t). For a formal power series 

= J2Zont\ we denote by R^{t) = 
J2i=o ^or L E N the corresponding truncated polynomial. Using this notation, ()5.5p becomes 

(-l)Lq^ = M^{-1) - P^{-1), VLeN. (5.6) 

Now we can give the following 

Proof of Theorem 1.2. Firstly we choose ^ a 

as above and denote by {ui, . . . , Uk} the critical 
points of corresponding to {yi, . . . ,yk}- Note that vi, . . . ,Vp in (j5.4p are iterations of ui, . . . , u^. 
Since Cgi^ qi'^a, -uj^) can be non-zero only for q = i{u^) + l with < / < 2n — 2 by Propositions 
3.5 and 3.10, the formal Poincare series (|5.4|) becomes 

M{t)= HuJ^y^^'''^' = Y h{uj^)e^<'''"^'^^\ (5.7) 

l<j<fe, 0<i<2n-2 l<j<k, 0<i<2n-2 

l<mj<a/rj l<mj<Kj , sKj-\-mj<a/Tj 

where Kj = K{uj) and s E Ng. The last equality follows from Proposition 3.13. Let I = Iq — 2, 
where Iq is given by (j5.3p and consider the truncated polynomials M\t) and P\t). 
Write M{t) = Ylt=o Wht^ and P^ {t) = Y.i=o ht''- Then we have 

Wh = Y ki{uf)*{s GlSioliiuf'^"") + 1 = h}, yh<I+l. (5.8) 

l<j<fc, 0<I<2n-2 
l<m<Kj 

Note that the right hand side of (j5.7p contains only those terms satisfying sKj + mj < ^. Thus 
dSSD holds only for /i < / + 1 by (fO) . 
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Claim 1. Wh < C for h < I + 1 with C being independent of a. 
In fact, we have 



*{s G No 



i{uf^^^)+l = h} 



*{s G No I iiuf'^"") + l = h, liiuf'^"") - {sKj + m)i{uj)\ < 2n} 



< #{s G No I |/i - / - (sKj + myi{uj)\ < 2n} 



< 



#|sGNo 
4n 



h — I — 2n — mi{uj) ^ ^ 



Kji{uj) 



h — I + 2n — mi{uj) 
Kji{uj) 



+ 2, 



Kji{uj) 

where the first equality follows from the fact 



\i{uf) - ml{uj)\ < 2n, Vm G N, 1 < j < A:, 



which follows from Theorems 10.1.2 and 15.1.1 of |Lon4j . Hence Claim 1 holds. 
We estimate next M^{—1). By (jS.Sp we obtain 



h=0 



M^(-i) = Y.M-i)" 



l<i<fe, 0<!<2n-2 



l<m<K 



Here the second equality holds by (|3.50p . 

Claim 2. There is a real constant C > independent of a such that 



I 



l<j<k, 0<i<2ri-2 "-j^\yj) 



where the sum in the left hand side of (MW (^Quals to IJ2i<j<k by 



In fact, we have the estimates 

*{s G No ' '""'^"^ 



+ 1<I} 



(5.9) 



(5.10) 



+ /</}. (5.11) 



(5.12) 



*{s G No I i{uf''^"") + 1<I, \i{uf'^"') - {sKj + m)i{uj)\ < 2n} 
# 



< *{s G No I < {sKj + m)i{uj) < I - I + 2n} 



< 



# |s G No 

I -l + 2n 
Kji{uj) 



0< s < 



I — I + 2n — mi{uj) 
Kji{uj) 



+ 1. 
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On the other hand, we have 



*{se-No I i{uf^^'^) + l<I} 



*{s G No I iiuf'^"") + 1<I, liiuf^^"^) - {sKj + m)i{uj)\ < 2n} 



> *{s e No I i{uj ) < {sKj + m)i{uj) + 2n < I - 1} 

> * < s G No 



I — I — 2n — mi(ui) 
0<s< - ^ ^' 



Kji{uj) 



I -l-2n 
> 2, 

Kji{uj) 



where m < Kj is used. Combining these two estimates together with ()5.1ip . we obtain (j5.12p . 

Note that all coefficients in ()5.5p are nonnegative, hence by Claim 1, we have qj < wj+i < C. 
By dOD, we have P\t) = Eo<h<L 

By (j5.6p . we have 

i-lYqj = - P^(-l) = M^(-l) - Q^] + . (5.13) 

By Theorem 1.7.7 of |Eke3| or Lemma 15.3.2 of [Lon4| . we have i{yj) > 2 for 1 < j < fc. Hence 
i{mTj, yj) = i{yj^) ^ oo as m — > cxo for 1 < j < k. Now we let a — > +oo, then / = Jq — 2 — > +oo in 
Theorem 4.2. Note that by Claims 1 and 2, the constants C and C are independent of a. Hence 
dividing both sides of ()5.13p by / and letting / tending to infinity yield 



lim -M^(-l) = -. 



Hence <^ holds by (f5T2]l . 



6 Proofs of the Theorems 1.1 and 1.4 

In this section, we prove Theorems 1.1 and 1.4 based on Theorem 1.2 and the index iteration theory 
developed by Y. Long and his coworkers. 

6.1 A brief review on an index theory for symplectic paths 

In this subsection, we recall briefly an index theory for symplectic paths. All the details can be 
found in |Lon4j . 

As usual, the symplectic group Sp(2n) is defined by 

Sp(2n) = {M e GL(2n,R) | M^JM = J}, 
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whose topology is induced from that of R'^"". For r > we are interested in paths in Sp(2n): 



P.(2n) ={7GC7([0,r],Sp(2n))|7(0) =/2n}, 

which is equipped with the topology induced from that of Sp(2n). The following real function was 
introduced in |Lon2| : 

D^{M) = (-l)"~^cJ" det(M - uhn), G U, M G Sp(2n). 



Thus for any a; G U the following codimension 1 hypersurface in Sp(2n) is defined in |Lon2j : 

Sp(2n)0 = {M G Sp(2n) | D^{M) = 0}. 



For any M G Sp(2n)2,, we define a co-orientation of Sp(2n)2, at M by the positive direction 
^Me*'^'^|f=o of the path Me*^"^ with < t < 1 and e > being sufficiently small. Let 

Sp(2n): = Sp(2n)\Sp(2n)°, 

P;^(2n) = {7GP,(2n)|7(r) GSp(2n):}, 

P0^(2n) = Vr{2n)\V:^j2n). 

For any two continuous arcs £, and rj : [0,r] Sp(2n) with S,{t) = ??(0), it is defined as usual: 

r C(2t), if < t < r/2, 



\rj{2t 



if r/2 < t < r. 



M10M2 



Given any two 2mfc x 2mk matrices of square block form M^. = I | with k = 1,2, as in 

|Lon4j ■ the o-product of Mi and M2 is defined by the following 2{mi + 7712) x 2(mi + m-2) matrix 
M10M2: 

Q A2 ^ B2 
Ci i?i 
V C2 D2J 

Denote by M^^ the A:-fold o-product Mo ■ ■ ■ oM. Note that the o-product of any two symplectic 
matrices is symplectic. For any two paths 7j G 'P^-(2f^j) with j = and 1, let 7o07i(i) = 7o(^)o7i(0 
for ah t G [0,r]. 

A special path ^„ G T'r{2n) is defined by 

' 2 - i y 

, (2-i)-ij 



for < t < r. 



(6.1) 
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Definition 6.1. (cf. [Lon2| . |Lon4| ) For any cj G U and M G Sp(2re), define 

v^{M) = dime kerc(M - oohn)- (6.2) 
For any r > and 7 G VrC^n), define 

lyUi) = ^Mr)). (6.3) 

Ifl^K^J^n), define 

i^(7) = [Sp(2n)0 :7*en], (6.4) 

where the right hand side of ( |g.^[ ) is the usual homotopy intersection number, and the orientation 
of J * £,n is its positive time direction under homotopy with fixed end points. 

If-f£ P°^(2n), we let J^{-/) be the set of all open neighborhoods of j in VrC^n), and define 

iU7)= sup mi{iM\l3 eUnV;Mn)}. (6.5) 
c/e.F(7) 

Then 

e Z X {0,1,..., 2n}, 

is called the index function of ^ at lo. 

Note that when = 1, this index theory was introduced by C. Conley-E. Zehnder in jCoZlj 
for the non-degenerate case with n > 2, Y. Long-E. Zehnder in [LZelj for the non-degenerate case 
with n = 1, and Y. Long in |Lonl J and C. Viterbo in [Vit2j independently for the degenerate case. 
The case for general w G U was defined by Y. Long in |Lon2] in order to study the index iteration 
theory (cf. |Lon4j for more details and references). 

For any symplectic path 7 G Vri'^n) and m G N, we define its m-th iteration 7™ : [0, mr] — > 
Sp(2n) by 

7'"(t) = 7(t-jr)7(r)^ Vjr < t < (j + l)r, j = 0, 1, . . . , m - 1. (6.6) 

We still denote the extended path on [0, +00) by 7. 

Definition 6.2. (cf. }Lon2] . |Lon4j ) For any 7 G Vri'^ri), we define 

(i(7,m),i/(7,m)) = (ii(7™),z.i(7-)), Vm G N. (6.7) 

The mean index i{'y, m) per nir for m GlSS is defined by 

y \ r i{l,mk) 

i[j,m) = hm ; . (6.oj 

k 
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For any M G Sp(2n) and u; G U, the splitting numbers S^^{uj) of M at uj are defined by 

Sm{uj) = lirn^ «^cxp(±v^e)(7) - iUl), (6-9) 

for any path 7 € Vri'^n) satisfying 7(t) = M . 

For a given path 7 € VrC^n) we consider to deform it to a new path r/ in Vri'^^n) so that 

n(7'")=n(^"), vi{in=Mrin. VmGN, (6.10) 

and that {ii{rf^), i'i{rf^)) is easy enough to compute. This leads to finding homotopies 5 : [0, 1] x 
[0, r] Sp(2n) starting from 7 in VrC^n) and keeping the end points of the homotopy always stay 
in a certain suitably chosen maximal subset of Sp(2n) so that (I6.10p always holds. In fact, this set 
was first introduced in |Lon2j as the path connected component Q'^{M) containing M = 7(t) of 
the set 

Q{M) = {N £ Sp(2n) | a{N) n U = a{M) n U and 

uxiN) = iyx{M)\/Xea{M)nlJ}. (6.11) 

Here Q,^{M) is called the homotopy component of M in Sp(2n). 

In |Lon2j - [Lon4] . the following symplectic matrices were introduced as basic normal forms: 

^(A)= Q A = ±2, (6.12) 

/A b\ 

Ni(X,b)=\ , A = ±1,6 = ±1,0, (6.13) 

Vo xj 

(cos 9 — sin 9 \ 
0e (0,7r)U(7r,27r), (6.14) 
sin 9 cos 9 J 

(R{9) b \ 

N2{io,b)={ , (0,^)U(7r,27r), (6.15) 

V Ri9)J 

(bi b2\ 

where b = \ with bi £ H and 62 7^ ^3- 

\b3 bj 

Splitting numbers possess the following properties: 

Lemma 6.3. (cf. |Lon2| and Lemma 9.1.5 of [Lon4] ) Splitting numbers S^^{uj) are well defined, 
i.e., they are independent of the choice of the path 7 G VrC^n) satisfying 7(t) = M appeared in 
lid. 9\) . For UJ £JJ and M G Sp(2n), splitting numbers S^{uj) are constant for all N € 0,^{M). 

Lemma 6.4. (cf. |Lon2| . Lemma 9.1.5 and List 9.1.12 of |Lon4] ) For M £ Sp(2n) and a; G U, 
there hold 

S^j{io) = 0, if io^ a{M). (6.16) 
r 1, if a > 0, 

St n ^(1) = { (6.17) 
^^^^'-^^ ' io, ifa<0. ^ ^ 
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For any Mi G Sp(2nj) with i = and 1, there holds 

Smo,m,{^) = 5mo(^) + '5m, V ^ G U. (6.18) 

We have the following 

Theorem 6.5. (cf. [ Lon3j and Theorem 1.8.10 of |Lon4j ) For any M G Sp(2n), there is a path 
f : [0, 1] n^{M) such that /(O) = M and 

/(I) = Mi(tui)o...oMfc(a;fc), (6.19) 

where each Mi{uJi) is a basic normal form as in i6.12\) - [6.15\) for 1 < i < k. 

6.2 Multiplicity and stability of closed characteristics 

Let S G 7i{2n). Fix a constant a satisfying 1 < a < 2 and define the Hamiltonian function 

Ha : ^ [0, +oo) by 

Ha[x) = j{x)", Vx G R^*", (6.20) 

where j is the gauge function of S, i.e., j{x) = A if x = Ay for some A > and y & Ti when 
X G \ {0}, and j{0) = 0. 

Then Ha G C1(r2", R) n C3(R2" \ {0}, R) is strictly convex and S = H-^{1). It is well-known 
that the problem (jl.ip is equivalent to the following given energy problem of the Hamiltonian 
system 

(y{t) =JH'a{y{t)), HMt)) = l, VtGR, ^ ^ 

< (6.21) 
U(t) =y(0). 

Denote by T($],a) the set of all geometrically distinct solutions (r, y) of the problem (|6.21|) . Note 
that elements in T(S) defined in Section 1 and T(5], a) are one to one correspondent to each other. 

Let (r, y) G T(S,a). The fundamental solution jy : [0, r] Sp(2n) with 7^(0) = /2n of the 
linearized Hamiltonian system 

m = JH'^{y{t))m, VtGR, (6.22) 

is called the associated symplectic path of {T,y). The eigenvalues of 7j/(t) are called Floquet multi- 
pliers of (r, y). 

For any (r, y) G T(S, a) and m G N, we define its m-th iteration y™' : R/(mrZ) ^ R^" by 

y'"(t) =y(t-jr), Vjr < t < (j + l)r, j = 0, 1, 2, . . . , m - 1. (6.23) 
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We still denote by y its extension to [0, +00). 
We define via Definition 6.2 the following 

= (6.24) 

{i{y,m),ij{y,m)) = {i{-fy,m),u{-fy,m)), (6.25) 
i{y,m) = i{-fy,m), (6.26) 

for all m G N, where 'yy is the associated symplectic path of {T,y). 
We have the following result: 

Theorem 6.6. (cf. Theorem 15.1.1 of |Lon4j and references there in) Suppose (r, y) € TiT,). 

Then we have 

^(y™) = y) = ^(2/) "*-) ~ ^(y™) = i^("^''"; y) = ^^(2/) "i)) Vm€N, (6.27) 

where i{mT,y) and u{mT,y) are given by Definition 3. 14-. In particular, we have 

i(r,y) =i(y,l), (6.28) 

where i{T,y) is given by Definition 3.14- Hence we denote it simply by i{y). 
Now we can prove Theorem 1.1 as follows: 

For n > 2 and S G 7Y(2n) with *T(S) < +00, using the index iteration theory developed by 
Y. Long and his coworkers, specially the common index jump theorem (Theorem 4.3 of [LoZl] . 
Theorem 11.2.1 of [Lon4] ) , we obtain the following estimate on the number ^^(S) by Theorem 
5.1 of [L^ (Theorem 15.4.3 of [Lon4]): 

#T(S) > Qn{^). (6.29) 

Here the invariant Qni'^) is defined to be the minimum value of W ^ 

infinitely variationally visible closed characteristic (r, x) G '?'(S) (cf. Definition 1.1 of [LoZlj . 
Definition 15.4.1 of |Lon4] ). Specially we obtain 

"i(x, 1) + 2S+{x) - u{x, 1) + n 



£»„(S) > min ■ 



(T,x)Gr(S) . (6.30) 



2 

In the proof of Theorem 1.1 of |LoZlj . i.e., the following estimate (15.5.21) on page 340 of [Lon4j 
holds 

25+ (x) - i/(x, 1) > 1 - p+ > -1, 

where p+ counts the number of basic normal form A'^i(l,— 1) appears in the basic normal form 
decomposition of 73; (t) in 0^^(73; (r)). This estimate indicates that the worst case for getting a 
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better estimate on ^n(S) happens when = 2 holds. Here we have used Theorem 6.5 and Lemma 
6.3. 

Now if there are only two geometrically distinct closed characteristics on S C R^, together 
with ()1.4p and (j6.29l) . our above Theorem 1.2 can be used to either kill at least one of the possible 
A^i(l,— l)s or to derive a contradiction when there are two A'^i(l,— l)s in the decomposition of 
7j(rj) in Q^{'yj{Tj)). Thus the conjecture (|1.2p holds for n = 3. More precisely we have 

Proof of Theorem 1.1. Assume the contrary, i.e., by [EkHlj or [LoZl] we assume '^T(S) = 2 
for some S € 7i{6). We use the techniques in the index iteration theory developed by Y. Long 
and his coauthors (cf. |Lon4j ) . specially those techniques in the proof of Theorem 5.1 of [LoZlj (cf. 
p. 340 of )Lon4] ) to reach a contradiction. 

Denote the two prime closed characteristics on E by {tj, yj) with the corresponding associated 
symplectic paths 7j = ^y. : [0,Tj] Sp(6) for j = 1, 2. Then by Lemma 1.3 of |LoZl| or Lemma 
15.2.4 of [LoSi] . there exist Pj £ Sp(6) and Mj G Sp(4) such that 7j(r,) = Pf^{Ni{l, l)oMj)Pj. 
By our Theorem 1.2, we obtain the following identity: 

xjyi) ^ x{y2) ^1 ^-^^ 
i{yi) i{y2) 2 

It is well known that i{yj) > 2 for j = 1 and 2 (cf. Theorem 1.7.7 of |Eke3j or Lemma 15.3.2 of 
[Lonl]). 

By Theorems 1.1 and 1.3 of jLoZlj (cf. Theorems 15.4.3 and 15.5.2 of |Lon4j ) with n = 3, we 
may assume that yi has irrational mean index i{yi)- Next we continue our study in two cases. 
Case 1. The average Euler characteristic x{yi) 7^ 0. 

In this case, by (j6.3ip both yi and y2 must possess irrational mean indices. Hence by Theorem 
8.3.1 and Corollary 8.3.2 of |Lon4j . each Mj can be connected to R{6j)oNj within J7^(Mj) for some 



^ ^ Q and Nj € Sp(2). Now by Lemma 6.4 we have 

= 1)) = 1' S+^e,)^^) = v,{R{e^j)) = 0, (6.32) 

25+.(l)-z.i(iV,)>-l. (6.33) 

Thus we obtain by (jG.lOp . Lemma 6.3 and Lemma 6.4 

25+(2/,)-z.(y„ 1) 

= 25+ ,)(1) - i.i(iVi(l, 1)) + 25+ ,^.)(1) - v^{R{e,)) + 25+.(l) - ui{N,) 
= 1 + 25+ (l)-^.i(iV,) 

> 0, (6.34) 
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By Corollary 15.1.4 of |Lon4| we have i{yj, 1) > 3 for j = 1, 2. Therefore for j = 1, 2, we obtain 

iiyj, 1) + 2S+{yj) - u{yj, 1) > 3. (6.35) 

Now by the estimates (|6.29p and (|6.30p . we get a contradiction 

2 = #r(E) > gs{E) > 3, (6.36) 

which completes the proof of Theorem 1.1 in Case 1. 
Case 2. The average Euler characteristic xiui) = 0- 
In this case ()6.3ip becomes 

$M = i. (6.37) 

Our above discussions in Case 1 can be applied to get ()6.35p for j = 1. Thus by Corollary 1.1 
of [LoZlj (Theorem 15.4.4 of |Lon4] ) . we should get (j6.36p whenever (|6.35p holds for j = 2. This 
yields a contradiction. 

Therefore now we assume that (|6.35p does not hold for j = 2. Then as in Case 1, we denote 
the basic normal form decomposition of 7y2('^2) in ^''(7y2(''"2)) by A^i(l,l)oM2. By theorem 6.5, 
the 4x4 matrix M2 is either the o-product of two matrices in (j6.12p - (j6.14p or one matrix in (|6.15p . 
Therefore by Lemmas 6.3-6.4 and the first part of (I6.32p . we have 

2S+{y2) - v{y2, 1) = 1 + 5+,(l) - vi{M2) > 1 - p+ > -1, 

where p+ counts the number of basic normal form A^i(l, —1) appears in M2, and both of the last 
two equalities hold simultaneously if and only if p+ = 2, i.e., 

M2 = 7Vi(l,-l)*2. (6.38) 

Because i(y2i 1) ^ 3, we obtain that the only case for which (j6.35p and consequently Theorem 1.1 
does not hold is when (I6.38|) and 

i(y2,l)=3 (6.39) 

hold. Hence in the following, it suffices to derive a contradiction in this case. 
Now by Theorem 8.3.1 of |Lon4j . we obtain 

i{y2-,m) = m{i{y2.,l) -\- 1) — 1 = — 1, u{y2-,m) = 2>, Vm G N. (6.40) 

By Theorem 6.6, we have 

i(y2) = %2,l)-3 = 0, i{yl)=i{y2,2)-^ = A, i{y2) = A. (6.41) 
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By Proposition 3.13, we obtain K{y2) = 2. By Remark 3.17 and (jl.4p with n = 3 we obtain 



l<m<2 
0<l<2 



= ^{ko{y2) - ki{y2) + k2{y2) + A;o(yi) - ki{yl) + A:2(yi)) 

< 1. (6.42) 

Now (fOTl) . ([OT]) and (1021) yield a contradiction: 

1 _ X{y2) ^ 1 

2 ?(y2) " 4' 

which proves Theorem 1.1 in Case 2. 

The proof of Theorem 1.1 is complete. I 
Proof of Theorem 1.4. Using notations in the above proof of Theorem 1.1, we obtain (j6.31|) 
for the two prime closed characteristics (ri, yi) and {t2, 7/2) on S with Mj £ Sp(2) and Mi = R{9i) 
for some 9i € R\7rQ. Then yi is non-degenerate and then we obtain x(yi) 7^ by (|1.4p and (|3.58p . 
Therefore i{y2) has to be irrational by (j6.3ip . | 
Remark 6.7. Using notations in the proof of Theorem 1.1, by Theorem 1.4 for j = 1 and 2 
there exists Pj G Sp(4) such that jj{Tj) = Pri(Ar^(l, l)oR{ej))Pj for some 9j G (0,7r) U {-k,2-k) 
with 9j/Tr Q. Then we obtain I'iyJ^) = 1 and i{yj'') G 2Z, specially yj^ are all non-degenerate for 
all m G N and then K[yj) = 2 for j = 1, 2. Thus we have x{yj) = 1 for j = 1, 2 by (|1.4p . Then 
together with ()6.3ip we obtain that i{yi)/i(y2) is irrational. Therefore in this sense, S behaves like 
a weakly non-resonant ellipsoid (cf. [Eke3] ) . 
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